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A NOTE ON A MULTILINEAR LOCAL Tb THEOREM FOR 
CALDERON-ZYGMUND OPERATORS 

JAROD HART AND LUCAS OLIVEIRA 


Abstract. In this short note, we extend a local Tb theorem that was proved in |l3| to a full multi¬ 
linear local Tb theorem. 


1. Introduction 

In [m, we proved a multilinear local Tb theorem for square functions, and applied it to prove a 
local Tb theorem for singular integrals. The local Tb theorem for singular integrals had “local Tb 
type” testing conditions for the operator T on pseudo-accretive collections for i = l,...,m, 
but tested the adjoints of T on the constant function 1; see [13]| for more details on this. In this 
note, we make a few observations to show that this result can be extended to the following local 
Tb theorem for multilinear singular integral operators. 

Theorem 1.1. Let T be a continuous m linear operator from 5^ y. - ■ ■ ^ T/' into 5^' with a standard 
Calderdn-Zygmund kernel K. Suppose that T G WBP and there exist 2 <q <°° and 1 < qtj < 
with = YJiLi J- an m-compatible collection of functions } indexed by dyadic cubes Q 

Hj Hi-,j ^ 

and j = 1,..., m such that 

( 1 ) 

Then T is bounded from LP^ x • • • x LP"' into LP for all 1 < pi < 0 ° such that p = ^ “I—I" Here 
we assume that this estimate holds for any approximation to the identity Pt with smooth compactly 
supported kernels and any Littlewood-Paley-Stein projection operators Qt whose kernels also are 
smooth compactly supported function. 

The precise meaning of O is the following: For any (p,\(f e such that (p(0) = 1 and tii(O) = 0, 
O holds for Ptf = 9 / */, Qtf = 9 /W = ^^( 7 ). and \\ft{x) = ^ 11 /( 7 ), where the constant 

is independent of the dyadic cube Q, but may depend on 9 and \|/. 

We prove this theorem by applying the square function estimates that were also proved in [l3]|, but 
with a few minor modifications to allow for the extension to Theorem 11.11 This note is intended 
to be an addendum to the article [l3]|. So the reader should refer to that article for definitions, 
discussion, and history related to these results. 
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2. A Few Definitions and Results from (Si 


Define the family of multilinear of operators {0r}r>o 

(2) 0f(/i,---,/m)W = / Qtix,yi,...,y,n)Ylfiiyi)dyi 

JR’”" “ 

where 0; : —)■ C and the square function 

(poo /jt\ 2 

associated to {0f}?>o, where /, for i = 1, ...,m are initially functions in C^(M"). Also assume that 
di satisfies for all j£:,yi,...,y,„,y,yi,...,y'„ e M" 

^—mn 

(5) \Qt{x,yi,...,ym)-Qt{x,yi,...,y'i,...,y,n)\ < |y/-y/l)^ 

( 6 ) \Qt{x,yi, ...,y,„) - Qtix ,yi, ...,ym) \ <r’^"{t~^\x-x\y 

for some N > n and 0 < y < 1. The following results was proved in Q . 


Theorem. Let 0; and S be defined as in dH) and dU) where 0; satisfies dll)-d6l)- Suppose there exist 
qi,q > 1 for i = 1, ...,m with 2 = ffffi and functions Vq indexed by dyadic cubes Q cM.” for 
i = 1, ...,m such that for every dyadic cube Q 


(7) 

( 8 ) 

(9) 

( 10 ) 

Then S satisfies 

( 11 ) 


Wq\^‘<Bi\Q\ 


Bi 


< 


1 


ieiien'’bW‘'- 


X 


1^1 ■>Ri=\ 


X 


m 


<s3n 

i=\ 

for all dyadic subcubes R C Q 


'Q 


riiQ) r]t\^ 

\®t{bQ^-,bQ){x)\'^—j dx<B4\Q\. 


\\S{fl,---,fm)\\D’ 


m 


<nii/ii 


LPi 


for all I < Pi <°° and 2<p<°° satisfying ^ H- 1 " 


If {bQ} satisfies dll) and dS]), we say that {^g} is a pseudo-accretive system. We say that {Z7g} 
for i = is an m-compatible, or just compatible, collection of pseudo-accretive systems if 

they satisfy dD-dH). 
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3. Proof of Theorem I1.1I 

Proof of Theorem [TT] Let Pt be a smooth approximation to identity operators with smooth com¬ 
pactly supported kernels that pf/ —>^ / as t —)■ 0+ and pf/ —)■ 0 as t —)■ oo in ^ for / e ^o- Here 
^0 is the subspace of Schwartz functions satisfying |/(^)| < Cm|^|^ for all M G N. There ex¬ 
ist Littlewood-Paley-Stein projection operators for i= 1,2 with smooth compactly supported 

kernels such that t^^P^ = = Qt- Lfsing these operators, we decompose T for // G 

i = 0,...,m 

d dt 

™ / C°° dt 

= E( / QtT{Phu-.Ptfi-hPtf0.PtA+l-:Phm)-Ji 
to\Jo ^ 

m 

( 12 ) 

i=0 

where we take the last line in (fT^ as the definition of 7) for / = 0,1, It follows that 7) is a 
multilinear singular integral operator with standard kernel 

Jo t 

Also let 0J be the multilinear operator associated to 

0 |(Y,yi,...,y„) = 2 ;')r'((pf,...,(pf")(A), 
and let Si be the square function associated to 0j. Note that 

and that 7)- is not actually the integral of 0j (one has Qt and the other has 2;^^). Furthermore, by 
the hypotheses on T*' and by the local Tb theorem for square functions from |l3l, it follows that Si 
is bounded from x • • • x l?'^ into I?. Therefore we have 


{Tt{fu...Jm)Jo)= r [ QtTiP^fi,...,P^f,„){x)fo{x)dx 
Jo Jr" 


dt 

t 


= r [ Ql'h{P^fu...,PhmmQ^^*Mx)dx^ 

Jo Jr" t 





eP’Voi' 



\ 

0 


~ I l/l I • I I/m I /zm I l/o I \l2 . 

L 2 


Hence /■ is bounded from x • • • x into L^, and by the multilinear Calderon-Zygmund theory 
developed by Grafakos and Torres in |[I113, it follows that 7)- also bounded from x • • • x 
into PP for all 1 < p\,...,p,n<°° with ^ ^ H-^ particular, it follows that 7) is bounded 
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from X • • • X into L "m for each i = 0,1,m. Then continuing from (fT^ . we have 

m 

m m 

— ^ I l^■(/l^ ■■■j/l-u/oj/i+u I ^ I I/iHl^+i ~ ri I \fj\\L'"+'-- 

1=0 j=0 

Therefore T is bounded from x • ■ ■ into . Then it again follows from the multilinear 
Calderon-Zygmund theory in [[H 111 that T is bounded from LP^ x • • ■ x into LP for all 1 
PI , < oo such that 1 = ^ +... + 
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